Abstract: In this paper a geometrical description of the Lagrangian dynamics in quasi-coordinates on the tangent bundle, using the Lie algebroid framework, is given. Linear non-holonomic systems on Lie algebroids are solved in local coordinates adapted to the constraints, through generalized methods of the Lagrangian multipliers and of Gibbs-Appell.
Introduction
The geometric approach to both differential equations and classical mechanics has been very clarifying for many problems and is receiving a lot of attention during the last years. As far as we know there is no systematic treatment of the concept of quasi-coordinate from the geometric point of view, and it is well known that the use of such quasi-coordinates has many applications in physics and engineering [21] . Our aim in this paper is to provide the geometric approach to such a concept and to prove the efficiency of such geometric tool for solving different problems.
The dynamics of a classical system is usually described in terms of generalized coordinates on a tangent bundle of a manifold, i.e. positions q . However, sometimes it is useful to consider a different set of coordinates, e.g. Euler equations for the rigid body are written in terms of the three Euler angles (θ, ψ, ϕ) and the three components of the angular velocity (ω θ , ω ψ , ω ϕ ) instead of the velocities (θ,ψ,φ). This new set of coordinates are called quasi-velocites. Although usually the calculations in quasi-coordinates are difficult, they are used to solve many types of mechanical systems (see [14, 21] ). The geometrical description on the tangent bundle that we propose is a particular case of a more general geometrical framework, the Lagrangian mechanics on Lie algebroids.
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The geometric approach to classical mechanics of autonomous systems
In the geometric approach to autonomous systems, the existence of holonomic constraints amounts to restrict the possible configurations of the systems and to consider the set of such possible configurations as a differentiable manifold, usually denoted by Q and called configuration space. Firstorder differential equations appear as local expressions determining the integral curves of vector fields in Q, which are sections of the tangent bundle τ Q : T Q → Q, while second-order differential equations appear as local expressions determining the integral curves of a special type of vector field on T Q, the so-called second-order differential equation vector fields.
A local chart (U, φ) on the n-dimensional manifold Q provides a local trivialization of τ 
). Note that T (T Q)
has two different vector bundle structures over T Q given, respectively, by τ T Q : T (T Q) → T Q and T τ Q : T (T Q) → T Q. Sections with respect to τ T Q are the vector fields on T Q and those which furthermore are also sections with respect to T τ Q are the special kind of vector fields to be called second-order differential equation (shortened SODE) vector fields. The local expression of such a SODE vector field is
The two important geometric ingredients of a tangent bundle are a (1,1)-tensor field S, called vertical endomorphism, and the Liouville vector field ∆ generating dilations along the fibres (see [9, 10, 11] ). The coordinate expression of S in terms of natural tangent bundle coordinates (q
while the dilation vector field ∆ on T Q, which is the generator of the 1-parameter group of dilations (q, v) → (q, e All the constructions in the geometric approach to Lagrangian mechanics can be formulated using such objects [9, 10, 11] 
The exact 2-form ω L is symplectic when the Lagrangian is regular, which in local coordinates means that det(∂ 2 L/∂v
between vector fields and 1-forms on T Q just by contracting vector fields with ω L . In particular, the vector field responsible for the dynamics described by the Lagrangian L in the absence of non-conservative forces, corresponds to the energy function defined by L, E L = ∆(L) − L, and it can be shown to be a SODE vector field.
The remarkable fact is that in such a correspondence, vertical vector fields are in one-to-one correspondence with semi-basic 1-forms on T Q (see [4] ). This is an important property because forces arising in classical formulations are geometrically described by semi-basic 1-forms.
The simplest case is when there are not external forces and then the Lagrangian describing the motion is given by the kinetic energy, corresponding to the Riemannian metric g defined on the configuration space Q, as a submanifold of the ambient Euclidean space:
for any choice of a SODE vector field D. Here g denotes the pullback of g to T Q. In this case θ T (U ) = g(U, ·), for any U ∈ X(T Q), and E T = T . The free dynamics is given by the vector field X T , solution of i(X T )ω T − dT = 0.
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The integral curves of X T are the geodesics of the Levi-Civita connection associated with the Riemannian metric g (see [3] ).
In the presence of external forces, given by a semibasic 1-form F on T Q, the dynamical vector field is the solution of
i.e. X = X T + ω
, where the second term in the sum is vertical and therefore X is also a SODE vector field. Note that F can also be decomposed into a sum of a non-conservative force Q with another force which is conservative F c , derivable from potentials, i.e. a (basic) exact form F c = −dV which can be absorbed in the first term of (1) just by redefining the Lagrangian, now becoming L = T − V . In summary, the equations of motion will be
where we assume that the conservative forces are included in the definition of L, because ω L = ω T and E L = T + V . The Lagrangian functions of the form L = T − V are usually said to be of mechanical type. Now, one can develop the theory for general Lagrangian functions L ∈ C ∞ (T Q), where the conservative forces are included in its definition, with the only assumption of regularity, i.e. it is assumed that L is regular.
A geometric approach to quasi-coordinates
The use of quasi-coordinates has been shown to be very efficient in describing the motion of some dynamical systems. For instance, the use of the area swept by the line joining a planet with the sun for the motion of the planet, or the use of the components of the angular momentum for describing the motion of a rigid body with a fixed point. In fact, as pointed out in [12, 25] , the configuration of a dynamical system cannot be in general described by quasi-coordinates, but it is possible to describe the displacement by using quasi-coordinates, more specifically quasi-velocities. We explain next the geometric meaning of such quasi-velocities.
Let π Q : T * Q → Q denote the cotangent bundle of a n-dimensional differentiable manifold Q. It is well-known that a local 1-form α on an open set U of Q, i.e. a section for π Q over U , defines a linear function α ∈ C When the local expression of the local 1-form α, in terms of the coordinates on U , is α = α i (q) dq 
with the only condition of being linearly independent at each point, i.e. α ) are called quasi-coordinates on T Q. Note also that in some cases we can globally define quasi-velocities on Q, for instance when Q is a Lie group G, while velocities can only be defined locally.
The fact that α 1 ∧· · ·∧α n = 0, points out that there exists functions β i j (q) such that
with det(β i j ) = 0. The matrix with entries β i j (q) will be the inverse matrix of α i j (q) , i.e.
are associated to a basis of vector fields {X 1 , ..., X n } on Q, dual to the basis of 1-forms {α
The explicit coordinate expressions of a SODE vector field D ∈ X(T Q), which is characterized by S(D) = ∆, in terms of quasi-coordinates is and consequently, the Cartan 2-form ω L defined by ω L = −dθ L , turns out to be
that is,
where the functions γ k ml are given by
and are known in the literature by Hamel symbols (see [14, 21] ). We can now write the coordinate expression in terms of quasi-coordinates of the
, where the energy of the system in the absence of non-conservative forces is given by
It is well-known that when L is regular the dynamics will be given by a second-order differential equation vector field (see [10] ), of the form
The left-hand side of the dynamical equation becomes:
while the right hand side is
where Υ l = β il Q i is the l-component in quasi-coordinates of the external force Q. Therefore,
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The dynamical equation is equivalent to
where £ X is the Lie derivative. In the physicians notation, the above equation is equivalent to the following system of generalized Euler-Lagrange equations:
Suppose that the Lagrangian is of mechanical type, i.e. L is the difference between the kinetic energy T and the potential energy V of the system. Then, the equations of motion are given by:
where Π l = β jl F j is the l-component in quasi-coordinates of the external force F = −dV + Q (see [12, 25] ).
Lie algebroids
The structure of Lie algebroid has been shown to be of a great usefulness in Mechanics from the pioneer paper by Weinstein [24] . In particular Martínez showed in [18] that the Lagrangian theory can be developed directly in the Lie algebroid formalism by using new geometric tools which generalize the vertical endomorphism and the Liouville vector field, but now in a generalization of the tangent bundle of T Q.
We summarize in this section the basic concepts and definitions of the theory of Lie algebroids. 
for any pair of sections for τ A , v and w, and each differentiable function ϕ defined on M . 
. In a similar way, the corresponding dual basis {e
The local expressions for the Lie product and the anchor map are (summation on repeated indexes is understood):
where α, β, γ = 1, . . . , s, and i = 1, . . . , n. The functions c αβ γ ∈ C ∞ (U ) and ρ i α ∈ C ∞ (U ) are called structure functions of the Lie algebroid. The conditions for ρ to be a Lie algebra homomorphism are
and for the Leibniz condition and the Jacobi identity of the bracket
These equations are called structure equations of the Lie algebroid. Examples of Lie algebroids are the tangent bundle of a manifold M , with the identity as anchor map and the usual bracket of vector fields, or any integrable subbundle of it, and also a finite-dimensional Lie algebra g, considered as a vector bundle over a point, for which the anchor vanishes identically and the bracket is that of g. In the first case, with the usual choice of coordinates (q 
Recall that the anchor map ρ on the Lie algebroid T (T Q) is the identity map on T (T Q), the bracket [·, ·] on the sections of the Lie algebroid is the usual bracket of vector fields on T Q and γ m rl are the Hamel symbols associated with the definition of the quasi-coordinates.
The expression of the exterior differential of the Lie algebroid will be determined, for all
Their local expressions in quasi-coordinates are given in Section 3. If the Lagrangian is regular and a non-conservative force Q is given, the dynamics equation
, that satisfies the generalized Euler-Lagrangian equations (3).
Example 5.1. Let us consider a particle P (mass = 1) moving in a plane under the action of a force of magnitude F (r) on the direction of a fixed point O, where r represents the distance between the point O and the particle P . Let θ be the angle that the line OP makes with a fixed direction in the plane, andȦ the area swept by unity of time by the line. The configuration space of the system is Q = R . From the previous relations, we conclude that the coordinates transformation matrices α and β are the following:
The motion of the particle P is described by the regular Lagrangian
where
and F 2 = 0. The equations of motion (4) are equivalent to 
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In this particular case,
So, applying (8), we have the dynamics solution in usual coordinates (q
Then, in the coordinates (r, θ,ṙ,θ) we have
Example 5.2. Let G be a Lie group and e the unity of the group. We can identify the tangent bundle T G with G × T e G, using the map
,
), for I = 1, ..., dim G, be the set of coordinates of ξ ∈ T e G with respect to a base
) is a set of quasi-velocities in T G, where
If g is a point in G of local coordinates (g 
. Since the Lagrangian L on the Lie algebroid T G is G-invariant, it is possible to obtain the EulerLagrange equations of the gauge algebroid T G/G ≡ g from the equations (3) on T G: d dt
where c JI K are the structure constants of the Lie algebra g of the Lie group G, with respect to the basis {e I } of g ≡ T e G. In fact, let X L (g) = T e L g (X) be the left-invariante vector field on G associated to an element X in the Lie algebra g of G. Thus, the set e L I represents a local basis of sections of T G associated to the set of local coordinates (g
The structure functions of the Lie algebroid T G are given by:
Using the structure functions of the Lie algebroid T G and the Euler-Lagrangian equations (3), in the absence of non-conservative forces, we obtain (9). If the Lagrangian L is regular, then the geometric solution of the dynamics is a SODE vector field on
where W M I is the inverse matriz of ∂ 
The problem of changing local coordinates on a Lie algebroid with base coordinates fixed
Using the description of Lagrangian mechanics in a Lie algebroid (see [15, 18] ) and the structure functions of the Lie algebroid for a given set of local coordinates, it is possible to write the dynamics of the Lie algebroid in a different set of coordinates, in parallel with quasi-coordinates formalism on a tangent bundle (see [12, 14] ). In an arbitrary Lie algebroid, we do not have a canonical basis of sections for the Lie algebroid and, therefore, the Lie algebroid does not have a natural set of coordinates. However, sometimes is worthwhile to write the equations of motion in a given set instead of other initially given, as we can see in the next section.
Recall that the prolongation of the Lie algebroid p : A → M (see [13, 15, 18] ) is a vector bundle T A over A, where T A is the total space of the pullback of the vector bundle T p : T A → T M by the anchor map ρ :
with p T A : T A → A the canonical projection of the tangent bundle T A over the base A. An element (b, v) of T A will be denoted by (a, b, v) , where a ∈ A is the point where v is tangent to A. With this notation,
The vector bundle p T A : T A → A can be endowed with a Lie algebroid structure, where the anchor is the map ρ T A : T A → T A, given by ρ T A (a, b, v) = v, and the Lie bracket on the space of sections is defined by setting [15, 18] :
for all a ∈ A and all projectable sections V 1 , V 2 ∈ Γ(T A), i.e. sections of the form V i (a) = (a, σ i (p(a)), X i (a)) where σ i ∈ Γ(A) and X i ∈ X(A) are such that T p • X i = ρ(σ i ) • p, with i = 1, 2. If A is the tangent bundle to a manifold Q, A = T Q, endowed with its usual Lie algebroid structure, the prolongation of the Lie algebroid A is the tangent bundle T (T Q) to T Q endowed with its usual structure of Lie algebroid over T Q (see [18] ).
Let us consider on the Lie algebroid A a new set of local coordinates {(q 
for all α = 1, ..., s, where Φ α and Φ α are linear functions on A associated to the A-1-forms Φ α and Ψ α , respectively, that verify Ψ αβ Φ βγ = δ αγ . With these conditions, we have the following relations:
Associated with the new coordinates on the Lie algebroid A, we consider on the prolongation of A the following basis of local sections:
where X α = Ψ βα ρ i β ∂ q i , for all α = 1, ..., r. Thus, the structure functions of the Lie algebroid T A are given by:
(A) be the Lagrangian of a dynamical system on the Lie algebroid A, depending on the action of a non-conservative force Q. The elements of the Lagrangian formalism on the Lie algebroid A, with respect to the local structure defined above, are given by:
1. Vertical endomorphism:
2. Liouville section: ∆ = w ǫ V ′ ǫ ; 3. Energy (in the absence of non-conservative forces):
5. Cartan 1-form:
6. Cartan 2-form:
, the contraction of the section with the Cartan 2-form is given by
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Therefore, if the Lagrangian is regular, the dynamics has a unique solution
where W αβ represents the entries of the inverse matrix of ∂ 2 L/∂w β ∂w α and Υ β = Ψ αβ Q α is the β-component of the non-conservative force Q = Q α X α , in the new coordinates. As we expect the solution of the dynamics is a SODE section of T A, because S(X) = ∆. Since X is a SODE vector field, the dynamics equation is equivalent to
The generalized Euler-Lagrange equations in the new coordinates, are given by Given a regular and G-invariant Lagrangian L ∈ C ∞ (T P ), it does not depend on the elements of the Lie group G. Thus, in the quasi-coordinates, the Lagrangian is given by l(q,q, ξ) = L qc (q, g,q, ξ) = L(q, g,q,ġ). Since the Lagrangian on the Lie algebroid T P is G-invariant, we can obtain the equations of motion on the gauge algebroid T P/G from equations (13) , in the absence of non-conservative forces:
d dt
are the structure constants of the Lie algebra g of the Lie group G, with respect to a basis {e I } of g ≡ T e G (see [14] ). Indeed, let Π : T P → T P/G be the canonical projection over the principal bundle π : P → M = P/G. The gauge algebroid structure (ρ T P/G , [·, ·] T P/G ) is given by (see for example [5, 17] ):
for all X, Y ∈ Γ Π (T P ), Π-related with X, Y ∈ Γ(T P/G), respectively. Given a connection on the principal bundle π : P → M , we denote by A the connection 1-form associated with the principal connection; in local coordinates,
Let {e i , e I } be a basis of local sections of T P/G, obtained by the Π-projection of the basis of local sections (∂/∂q
is the horizontal lift of the vector field ∂ q i on M to a vector field on P and e L I is the left-invariant vector field on G associated with the element e I of the basis of g. In these local coordinates, the gauge algebroid structure is given by: 
, we obtain from the generalized Euler-Lagrange equations (13) the equations of motion (14) . The reduced dynamics From Cariñena et. al. [6] , the Lagrangian L is Π-projectable because there exists a function l such that L = l • Π. Therefore, the solution X L ∈
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X(T P ) of the dynamics characterized by L, projects into the dynamics X l ∈ Γ(T (T P/G)) characterized by the reduced lagrangian l, that is,
7. Application of the above problem to solve Lagrangian systems with non-holonomic linear constraints on a Lie algebroid
In this section, we intend to solve systems with linear non-holonomic constraints on a Lie algebroid A, i.e. constraints which are linear in the local coordinates v α on A associated with a local base of sections {e α } of A, by using local coordinates adapted to the constraints.
Let us consider on a Lie algebroid (A, ρ, [·, ·] A ) over M , a system with k linear non-holonomic constraints
given by a subbundle τ : B → M of A, where Φ a is an A-1-form and Φ a is the associated linear function. The submanifold B is defined by the set {φ a = 0 | a = 1, ..., k} and is called the constrained manifold. Suppose that the A-1-forms Φ a are such that Φ 1 ∧ . . . ∧ Φ k = 0. Then, the functions φ a are functionally independent. Let T B be the vector bundle over B, whose total space
is given by the pullback of the vector bundle T τ : T B → T M by the map
is a regular Lagrangian, that describes the nonholonomic system subjected to the action of a non-conservative force Q. In parallel with the formalism of linear non-holonomic systems in a tangente bundle, the equations of motion of the non-holonomic system in A, can be written satisfying the d'Alembert-Chetaev principle, in the global form: Suppose that the admissibility condition holds:
for all b ∈ B, where T A B → B is the prolongation of the subbundle B with respect to the Lie algebroid A (see [15, 19] ) and S is the vertical endomorphism on T A. Observe that dim(T 7.1. Lagrange multipliers method in a Lie algebroid framework. In this section, we will solve the non-holonomic system given previous, using the method of Lagrangian multipliers (see [4] for the classical case).
The dynamics equation of the system is given by
where the Lagrange multipliers λ a ∈ C ∞ (A) are to be determined by the tangency condition £ ρ T A (X)φ a = 0, for all a = 1, ..., k. Recall that p 2 : T A → A is defined by p 2 (a, b, v) = b and the semi-basic sections p * 2 Φ a = Φ aβ χ β are the reaction forces of the Lie algebroid A (see [6] ). The solution of the equation (16) is a section of the form
where X Q L is the solution of the dynamics without constraints and Z a is a vertical section of T A satisfying the condition
It is important to observe that for the Lagrangian multipliers λ a to be determined, we must suppose the following compatibility condition (see [8] ): the matriz of entries C ab = ρ T A (Z a )φ b is regular in each point of B, where B = {w α = 0 | α = s − k + 1, ..., s} is the constrained manifold. In this situation, we say that the non-holonomic system (L, B) on the Lie algebroid A is regular. So, let us suppose that the non-holonomic system (L, B) is regular.
We can assume without losing generality that the last k columns of the matrix (Φ aβ ) are independent. Thus, let us consider on the bundle A a set of coordinates (q 
The coordinates transformation matrices are given by: 22 . Note that the matrices satisfy Φ Ψ = I s = Ψ Φ. In the new coordinates the geometrical dynamics solution is given by
with β = 1, ..., s and a = 1, ..., k, where
, and the function λ a is given by
Therefore, the dynamics is given by the integral curves of the following vector field in B
Since the solution X is a SODE section of T A, it satisfies the following equation
In the new coordinates, the previous equation is given on B by ), given by:
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From the previous relations, we conclude that the coordinates transformation matrices Φ and Ψ are:
The motion of the free particle is characterized by the regular Lagrangian
Let B be the constraint manifold. Solving the problem through the method of Lagrangian multipliers, we obtain the geometrical solution
where:
In this particular case, we can identify T A = T (T R
3
) with T (T R 3 ) = T A. In a parallel way, we can identify the solution X| B with a vector field on B,
The dynamics is given by the integrable curves of the above vector field.
7.2. Gibbs-Appell's method in a Lie algebroid framework. In the formalism of Lie algebroids, the aim of Gibbs-Appell's method is to determined the equations of motion of a system with constraints. This method consist, in a first step, to determine the Gibbs-Appell's function associated with the Lagrangian of the system without constraints. After that, we need to obtain this function in a set of coordinates adapted to the constraints and, in the last step, we need to determine the equations of motion, given by the Gibbs-Appell in the new coordinates.
Next we will determine the Gibbs-Appell's function associated to a Lagrangiano L ∈ C ∞ (A), defined on a Lie algebroid (A, ρ, [·, ·] A ) over M . We will show that this function is defined on a subset A (2) of T A, given by the is an affine subbundle of p T A : T A → A, whose projection in A is given by p 2,1 : (q, v, a) ∈ A (2) → (q, v) ∈ A, and the inclusion of A (2) in T A is defined by
So, given an element v ∈ A 
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In local coordinates, the curve σ 
The section T (1) of T A over the map p 2,1 : A
→ A, is given in local coordinates by
Therefore, the section Γ L takes values in the vertical subbundle of T A, i.e. p 2 • Γ L = s 0 • p 2,1 , where s 0 is the null section of A; in local coordinates,
Let us also consider a symmetric tensor G A : T A × A T A → R in A, given in local coordinates by p(a) ), for all a ∈ A. Thus, the Gibbs-Appell's function associated to the Lagrangian L is a function on A (2) , defined by
where G = G A • p 2,1 . Let us consider a dynamical system on the Lie algebroid A with k linear non-holonomic constraints φ a (q, v) = Φ a (q, v) = Φ aβ (q) v 
